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1. Introduction
The representation theory of Lie superalgebras has many features not shared by that of the or-
dinary Lie algebras. In particular, the ﬁnite-dimensional irreducible representations of a simple basic
classical Lie superalgebra consist of two rather distinctive classes, the typicals and atypicals in the ter-
minology of [K,K1]. The irreducible typical representations were thoroughly understood in the foun-
dational papers of Kac [K,K1] in the late 1970s. However, the atypical representations turned out to be
much more diﬃcult to study. Some partial results were obtained (see, e.g., [BL,KW]) and several con-
jectures were put forward (see, e.g., [VHKT]) on the problem of ﬁnding irreducible characters of atyp-
ical representations (for gl(m|n) in particular) over the years, but the problem was only fully solved
in the middle of 1990s by Serganova [Se1,Se2] using homological methods. In [Se1] Serganova intro-
duced an analogue of Kostant’s u-cohomology groups [Ko] for gl(m|n), and deﬁned some generalized
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N. Lam, R.B. Zhang / Journal of Algebra 327 (2011) 50–70 51Kazhdan–Lusztig polynomials [KL] following the general methodology of [V]. The irreducible charac-
ters for the general liner superalgebra were then expressed in terms of these cohomology groups in a
way reminiscent of Kostant’s character formula [Ko]. Further progress along these lines was achieved
in a remarkable paper [Br] by Brundan, who carried out a categoriﬁcation (in the sense of [BFK])
of the representation theory of gl(m|n), and established a precise relationship between Serganova’s
generalized Kazhdan–Lusztig polynomials for gl(m|n) and canonical bases of quantum gl∞ . A con-
sequence of [Br] is a proof of the explicit formula for the generalized Kazhdan–Lusztig polynomials
conjectured in [VZ]. By using results of [Br], closed formulae for the characters and dimensions of
ﬁnite-dimensional irreducible gl(m|n)-modules were obtained in [SuZ].
In this paper we adapt Serganova’s homological methods [Se1] to the study of inﬁnite-dimensional
unitarizable highest weight representations of the general linear superalgebra. Recall that Kostant’s u-
cohomology for unitarizable highest weight representations of ordinary Lie algebras was investigated
by Enright, who in particular derived a character formula for such irreducible representations [E,DES].
The present work may be considered as a generalisation of [E] to the setting of the Lie superalgebra
gl(m|n).
We shall treat the irreducible oscillator representations of gl(m|n), that is, the inﬁnite-dimensional
irreducible unitarizable highest weight representations arising from tensor powers of a Fock space of
bosonic and fermionic quantum oscillators. Such unitarizable representations were studied in [CLZ],
where we focused on the decomposition of the tensor powers of the Fock space, identifying the
irreducible submodules and their multiplicities. A formula for the characters of such irreducible rep-
resentations was also obtained.
Here we shall investigate the u-cohomology groups with coeﬃcients in the irreducible oscilla-
tor representations of noncompact real forms of the general linear superalgebra glm|n for both ﬁnite
and inﬁnite n. The main results are summarized in Theorem 6.2, where we give an explicit formula
for the u-cohomology groups in terms of well understood ﬁnite-dimensional irreducible modules for
the maximal compact subalgebra. Theorem 6.2 enables us to deduce a formula for the generalized
Kazhdan–Lusztig polynomials associated with the type II ﬁnite-dimensional unitarizable representa-
tions [GZ] in Corollary 6.1. We also mention that Theorem 6.2 immediately leads to a generalized
weak BGG resolution (in the sense of [GL]) for each irreducible oscillator representation, see Re-
mark 6.2.
Some of the techniques used to compute the u-cohomology groups are generalisations of those
developed in [CZ1] to inﬁnite-dimensional coeﬃcient modules. A particularly useful tool employed
here is Proposition 5.1 (see also [CZ1, Proposition 4.3]), which is an algebraic analogue of Hodge’s
theorem in the context of de Rham theory for real manifolds. The u-cohomology groups are identiﬁed
with the kernel of a Laplacian operator acting on co-chain spaces, which is closely related to the
quadratic Casimir operator of glm|n . A further ingredient in the computation of the u-cohomology
groups is a correspondence between representations of glm+n and glm|n in the limit n → ∞. This
correspondence was discovered in [CZ,CZ1,CLZ] and extensively explored in [CWZ] using Brundan’s
categoriﬁcation of the representation theory of gl(m|n) [Br].
We wish to mention that it will be interesting to adapt techniques from cohomological induction
to systematically investigate unitarizable representations of Lie superalgebras. Zuckerman functors in
the super setting were already studied by J.C. Santos [S].
The organization of the paper is as follows. In Section 2 we provide some background material
on the general linear algebra and gl(m|n), and in Section 3 we discuss the oscillator representations
of the general linear superalgebra. In Sections 5 and 4 we present the general framework for the u-
cohomology of gl(m|n), and then in Section 5 we turn to the computation of the u-cohomology with
coeﬃcients in the inﬁnite-dimensional irreducible oscillator representations. Finally in Section 6 we
present the main results of this paper.
2. Preliminaries
We work over the ﬁeld C of complex numbers throughout the paper. Let V be a vector space and
V ∗ its dual space. We denote ϕ(v) by 〈ϕ, v〉 for all v ∈ V and ϕ ∈ V ∗ .
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we set I0 := {1,2, . . . , p}, J0 := {p + 1, p + 2, . . . , p +m}, J1(n) := {p +m+ 1, p +m+ 2, . . . , p +m+n}
for n ∈ N; J1(n) := {k ∈ N | k  p +m + 1} for n = ∞, J(n) := J0 ∪ J1(n) and I(n) := I0 ∪ J(n). Note that
J0 = ∅ when m = 0.
2.1. The Lie algebra gl(p +m+ n)
For n ∈ N ∪ {∞}, we let Cp+m+n stand for the complex space of dimension p + m + n with the
standard basis {ei | i ∈ I(n)}. For n ∈ N, let gn = gl(p + m + n) be the general linear algebra which
acts naturally on Cp+m+n . In the case of n = ∞, we let gn = g∞ consist of linear transformations
vanishing on all but ﬁnitely many e j ’s. For n ∈ N ∪ {∞}, denote by {Eij | i, j ∈ I(n)} the set of matrix
units in gn . Therefore {E jj | j ∈ I(n)} spans the standard Cartan subalgebra hn , while {Eij | i  j} spans
the standard Borel subalgebra bn . Let  j ∈ h∗n be determined by 〈 j, Eii〉 = δi j for i, j ∈ I(n). Then
(gn) := {i −  j | i 
= j, i, j ∈ I(n)} is the set of all roots. We denote the set of positive and negative
roots by ±(gn) determined by bn , respectively. The set {αi | i  1, i + 1 ∈ I(n)} is a set of simple
roots of g′n = [gn,gn] where αi := i − i+1 for all i  1 such that i + 1 ∈ I(n). For λ ∈ h∗n we denote by
L(gn, λ) the irreducible highest weight gn-module with highest weight λ.
The Lie algebra gn contains subalgebra
ln :=
(⊕
i, j∈I0
CEij
)
⊕
( ⊕
α,β∈J(n)
CEαβ
)
.
The subalgebra ln ∼= gl(p)⊕ gl(m+n) as Lie algebras, which is a regular subalgebra of gn in the sense
that its standard Borel subalgebra of ln is contained in bn , and the corresponding Cartan subalgebra is
identiﬁed with hn . Moreover, gn has a decomposition as vector spaces
g = u−n ⊕ ln ⊕ un,
where un := ⊕ip<α CEiα and u−n := ⊕ip<α CEαi are commutative subalgebras of gn . Then
(ln) = (gn) ∩ (∑i 
=p Zαi), (un) = +(gn) \ (ln) and (u−n ) = −(gn) \ (ln) are the roots of
ln , un and u−n , respectively. Note that u−n ∼= Cp∗ ⊗ Cm+n as ln-modules, where the actions of ln on
C
p∗ ⊗ Cm+n are deﬁned in the obvious way.
Let hˇ∗n denote the subspace of h∗n generated by all  j ’s. Note that hˇ∗n = h∗n when n ∈ N. For n,N ∈
N ∪ {∞} with n < N , there is an obvious way to identiﬁed h∗n with the subspace of hˇ∗N spanned by
1, 2, . . . , p+m+n . In particular, we have h∗n ⊂ hˇ∗∞ . The element λ ∈ hˇ∗∞ is said to have depth k, if
λ(Ekk) 
= 0, and λ(Ett) = 0 for all t > k. We shall use the notation depth(λ) for the depth of λ. Any
λ ∈ hˇ∗∞ with depth(λ) p +m+ n will be regarded as an element in h∗n deﬁned by λ(Eii) = λi for all
i  n.
Deﬁne a bilinear map (·|·)c : h∗n × hˇ∗n → C deﬁned by
(λ|δ j)c := λ(E jj), λ ∈ h∗n, j ∈ I(n).
Let ρc ∈ h∗∞ be determined by ρc(E jj) =m+ p − j + 1 for all j  0.
2.2. The Lie superalgebra gl(p +m|n)
Now we let Cp+m|n stand for the complex superspace of dimension p+m|n with the standard basis
{ei | i ∈ I(n)}. We assume that deg ei = 0 and 1 if i  p and i > p, respectively. For n ∈ N, let gn :=
gl(p +m|n) be the general linear superalgebra acting naturally on Cp+m|n . In the case of n = ∞, we
let gn = g∞ consist of linear transformations vanishing on all but ﬁnitely many e j ’s. For n ∈ N ∪ {∞},
denote by {Eij | i, j ∈ I(n)} the set of elementary matrices in gn . Therefore {E jj | j ∈ I(n)} spans the
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be determined by 〈δ j, Eii〉 = δi j for i, j ∈ I(n). Then (gn) := {δi − δ j | i 
= j, i, j ∈ I(n)} is the set of
all roots. We denote the set of positive and negative roots by ±(gn) determined by bn , respectively.
The set {βi | i  1, i + 1 ∈ I(n)} is a set of simple roots of g′n = [gn,gn] where βi := δi − δi+1 for all
i  1 such that i+1 ∈ I(n). For λ ∈ h∗n , we denote by L(gn, λ) the irreducible highest weight gn-module
with highest weight λ.
The Lie superalgebra gn contains subalgebra
l¯n :=
( ⊕
i, j∈I0
CEij
)
⊕
( ⊕
α,β∈J(n)
CEαβ
)
.
The subalgebra l¯n ∼= gl(p) × gl(m|n) is a regular subalgebra of gn . Let un :=⊕ip<α CEiα and u−n :=⊕
ip<α CEαi . Then as vector spaces
g = u−n ⊕ l¯n ⊕ un,
where un :=⊕ip<α CEiα and u−n :=⊕ip<α CEαi are (super)commutative subalgebras of gn . Then
(l¯n) = (gn) ∩ (∑i 
=p Zβi), (un) = +(gn) \ (l¯n) and (u−n ) = −(gn) \ (l¯n) are the roots of l¯n ,
un and u−n , respectively. Note that u−n ∼= Cp∗ ⊗ Cm|n as l¯n-modules.
Let hˇ∗n denote the subspace of h∗n generated by all δ j ’s. Note that hˇ∗n = h∗n when n ∈ N. For n,N ∈
N ∪ {∞} with n < N , there is an obvious way to identiﬁed h∗n with the subspace of hˇ∗N spanned by
δ1, δ2, . . . , δp+m+n . In particular, we have h∗n ⊂ hˇ∗∞ . The element λ ∈ hˇ∗∞ is said to have depth k, if
λ(Ekk) 
= 0, and λ(Ett) = 0 for all t > k. We shall use the notation depth(λ) for the depth of λ. For
λ ∈ hˇ∗∞ with depth(λ) p +m + n, λ will be regarded as an element in h∗n deﬁned by λ(Eii) = λi for
all i  n.
Deﬁne a bilinear map (·|·)s : h∗n × hˇ∗n → C deﬁned by
(λ|δ j)s := (−1)[ j]λ(E jj), λ ∈ h∗n, j ∈ I(n); [ j] :=
{
0, j  p +m,
1, j > p +m.
Let ρs ∈ h∗∞ be determined by ρs(E jj) = m + p − j + 1 for j  p + m, and ρs(E jj) = m + p − j for
j > p +m.
3. Unitarizable modules over gl(p +m|n)
We recall some basic facts about ∗-superalgebras and their unitarizable modules. A ∗-superalgebra
is an associative superalgebra A together with an anti-linear anti-involution ω : A → A, ω(ab) =
ω(b)ω(a). A ∗-superalgebra homomorphism f : (A,ω) → (A′,ω′) is a superalgebra homomorphism
obeying f ◦ ω = ω′ ◦ f . Let (A,ω) be a ∗-superalgebra, and let M be a Z2-graded A-module. A Her-
mitian form 〈·|·〉 on M is said to be contravariant if 〈av|v ′〉 = 〈v|ω(a)v ′〉, for all a ∈ A, v, v ′ ∈ M .
When the Hermitian form 〈·|·〉 is positive deﬁnite, we deﬁne ‖u‖ := √〈u|u〉 for all u ∈ M . An A-
module equipped with a positive deﬁnite contravariant Hermitian form is called a unitarizable A-
module.
Let g be a Lie superalgebra together with an anti-linear anti-involution ω, i.e. ω is an anti-linear
map satisfying ω([x, y]) = [ω(y),ω(x)] for all x, y ∈ g. In this case, we also call ω a ∗-structure
of g. Let M be a g-module. A Hermitian form 〈·|·〉 on M is said to be contravariant if 〈xv|v ′〉 =
〈v|ω(x)v ′〉, for all x ∈ g, v, v ′ ∈ M . A g-module M is called unitarizable if M admits a positive deﬁnite
contravariant Hermitian form. The anti-linear anti-involution ω can be naturally extended to an anti-
linear anti-involution, also denoted by ω, on the universal enveloping algebra U(g) of g, making
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U(g)-module.
The Lie algebra gn has a natural anti-linear anti-involution σ deﬁned, for all i, j ∈ I0 and α,β ∈
J(n), by
Eij → E ji, Eαβ → Eβα,
Eiα → −Eαi, Eβ j → −E jβ .
The Lie superalgebra gn also has a natural anti-linear anti-involution σ deﬁned, for all i, j ∈ I0 and
α,β ∈ J(n), by
Eij → E ji, Eαβ → Eβα,
Eiα → −Eαi, Eβ j → −E jβ.
A gn-module (respectively, gn-module) is called unitarizable if it is a unitarizable gn-module (respec-
tively, gn-module) with respect to the ∗-structure σ .
By a partition λ of length k we mean a non-increasing ﬁnite sequence of non-negative integers
(λ1, . . . , λk). The length of λ is denoted by l(λ). The depth of a partition, denoted by depth(λ), is the
number of positive integers in λ. The size of a partition λ, denoted by |λ|, is the sum of all λi . We
will let λ′ denote the transpose of the partition λ. For example, if λ = (4,3,1,0,0), then l(λ) = 5,
depth(λ) = 3, |λ| = 8 and λ′ = (3,2,2,1). By a generalized partition of length k, we shall mean a
non-increasing ﬁnite sequence of integers (λ1, . . . , λk). In particular, every partition is a generalized
partition of non-negative integers. Corresponding to each generalized partition λ = (λ1, . . . , λd), we
will deﬁne λ∗ := (−λd, . . . ,−λ1). Then λ∗ is also a generalized partition.
Each generalized partition λ = (λ1, . . . , λd) of length d can be uniquely expressed as λ = λ+ + λ− ,
with
λ+ := (max{λ1,0}, . . . ,max{λd,0}),
λ− := (min{λ1,0}, . . . ,min{λd,0}).
Note that λ+ is a partition of length d, while λ− is a generalized partition of non-positive integers
of length d, and hence (λ−)∗ is a partition. Furthermore,
depth
(
λ+
)+ depth((λ−)∗) d. (3.1)
Note that a generalized partition λ = (λ1, . . . , λd) satisﬁes the conditions λm+1  n and λd−p  0 if
and only if λ+m+1  n and (λ−)∗p+1 = 0.
Let X∞ be the subset of hˇ∗∞ consisting of elements of the following forms
∞∑
i=1
λii, with λi ∈ Z, λi  λi+1, ∀i 
= p and λ j = 0 for j  0. (3.2)
Let Xn be the subset of X∞ consisting of elements of the forms (3.2) such that λp+m+1  n. We also
let X∞ be the subset of hˇ∗∞ consisting of elements of the following forms
p+m∑
λiδi +
∞∑
μiδp+m+i, (3.3)i=1 i=1
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= p, and λ j = 0, for j  0, where μ denotes the transpose partition of
(λp+m+1, λp+m+2, λp+m+3, . . .). Let Xn be the subset of X∞ consisting of elements of the forms (3.3)
such that λp+m+1  n.
Deﬁnition 3.1. We deﬁne the map  : X∞ → X∞ which sends the element of the form (3.2) to the
element of the form (3.3).
Clearly,  is a bijection. Also  gives a bijection between Xn and Xn .
Deﬁnition 3.2. Let Ppd be the subset of X∞ consisting of elements of the following forms
Λ(λ) := −
p∑
i=0
(
d + (λ−)∗p−i+1)i +∑
i1
λ+i p+i,
for some generalized partition λ of length d with λd−p  0. Let Ppd (m,n) := Ppd ∩ Xn . Note that
P
p
d (m,∞) = Ppd .
Let Ppd be the image of P
p
d of the map . Let P
p
d (m,n) := Ppd ∩ Xn . Note that Ppd (m,∞) = Ppd .
It is clear that  gives a bijection between Ppd and P
p
d . Also  gives a bijection between P
p
d (m,n)
and Ppd (m,n).
Remark 3.1. For n ∈ N and λ ∈ Ppd (m,n), we know that L(gn, λ) are unitarizable gn-modules [CLZ].
For λ ∈ Ppd , using the same construction as in [CLZ] one can easily see that L(g∞, λ) are unitarizable
g∞-modules.
For n ∈ N ∪ {∞} and λ ∈ Ppd such that depth(λ) p +m+ n, by using the same construction as in
[CLZ], one can show that L(gn, λ) are unitarizable gn-modules.
The following lemma can be easily proved by induction.
Lemma 3.1.
(1) Let a ∈ Z, l ∈ N and b1,b2, . . . ,bl ∈ Z with b1  b2  · · · bl−1 > bl = 0. If∏ri=0(a + bl−i − r + i) 0
for all r ∈ {0,1,2, . . . , l − 1}, then a l − 1.
(2) Let b,k ∈ N ∪ {0} and a0,a1, . . . ,ak ∈ Z with a0 > a1  a2  · · · bk. If∏ri=0(−ai − b − r + i) 0 for
all r ∈ {0,1,2, . . . ,k}, then a0 −b − k.
The highest weight λ of an irreducible gn-module L(gn, λ) is said to be integral if λ(Eii) ∈ Z for
all i ∈ I(n). Now we can give a proof of the following theorem, which is a special case of a result of
Jakobsen theorem [Ja]. The proof uses the existence of those unitarizable representations constructed
in [CLZ].
Theorem 3.1. For n ∈ N, let L(gn, ξ) be the irreducible gn-module with integral highest weight ξ such
that p,m  0. Then L(gn, ξ) is a unitarizable gn-module if and only if there are an integer k and also
an element λ ∈ Ppd (m,n) for some non-negative integer d such that ξ = λ + k1p+m|n, where 1p+m|n :=
(1, . . . , 1︸︷︷︸
p+m
,−1, . . . , −1︸︷︷︸
p+m+n
).
Proof. It has been shown in [CLZ] that L(gn, λ) are unitarizable for all λ ∈ Ppd (m,n). It is clear that
L(gn,k1p+m|n) is a 1-dimensional unitarizable module for all k ∈ Z and hence L(gn, λ + k1p+m|n) ∼=
L(gn, λ) ⊗ L(gn,k1p+m|n) is also unitarizable for every k ∈ Z.
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L(gn, ξ) be a unitarizable highest weight gn-module and vξ its highest weight vector with ‖vξ‖ = 1.
We may assume ξp+m+n = 0 by tensoring with the 1-dimensional unitarizable module L(gn,k1p+m|n)
for some k ∈ Z. It is enough to show ξ ∈ Ppd (m,n) for some d 0. It is clear that
0 ξ1  ξ2  · · · ξp, ξp+1  ξp+2  · · · ξp+m  0,
and
ξp+m+1  ξp+m+2  · · · ξp+m+n = 0.
Let
k0 :=min{k | ξp+m+k = 0, 1 k n}
and
i0 :=max{i | ξi = ξ1, 1 i  p}.
We shall prove the theorem by dividing into two cases k0 > 1 and k0 = 1. For k0 > 1, we need to
show that ξp+m  k0 − 1 and ξ1  −(p +m + ξp+m+1 − i0). Let l := p +m + k0. This clearly implies
ξ ∈ Ppd (m,n) with d = −ξ1. For each 0 k k0 − 1, we have
0 ‖El,p+mEl−1,p+m · · · El−k,p+mvξ‖2 =
k∏
i=0
(ξp+m + ξl−i − k + i).
Therefore we have ξp+m  k0 − 1 by Lemma 3.1.
Let w := Ep+m+1,p+1Ep+m+1,p+2 · · · Ep+m+1,p+mvξ . Since ξp+i  ξp+m  k0 − 1 > 0, for i =
1,2, . . . ,m, we have
‖w‖2 
m∏
i=1
(ξp+i + ξp+m+1 +m− i) > 0.
Thus we have w 
= 0. For each 0 k p − i0, we have
0 ‖Ep+m+1,i0 Ep+m+1,i0+1 · · · Ep+m+1,i0+kw‖2
= ‖w‖2
k∏
j=0
(−ξi0+ j − ξp+m+1 −m− k + j).
By Lemma 3.1 again and w 
= 0, we have ξ1 = ξi0  −(p + m + ξp+m+1 − i0) and hence ξ ∈
P
p
d (m,n).
For the case k0 = 1, let j0 denote the number of the elements in the set { j | ξp+ j 
= 0, 1 
j  m}. To show ξ ∈ Ppd (m,n), we need to prove that ξp+m  0 and ξ1  −(p + i0 − j0). Since
0 ‖Ep+m+1,p+mvξ‖2 = ξp+m + ξp+m+1, we have ξp+m −ξp+m+1 = 0. We let
w1 :=
{
Ep+m+1,p+1Ep+m+1,p+2 · · · Ep+m+1,p+ j0 vξ , if j0 
= 0,
vξ , if j0 = 0.
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= 0. For each 0 k p − i0, we have
0 ‖Ep+m+1,i0 Ep+m+1,i0+1 · · · Ep+m+1,i0+kw1‖2
= ‖w1‖2
k∏
i=0
(−ξi0+i − ξp+m+1 − j0 − k + i).
By Lemma 3.1 again, we have ξ1 = ξi0 −(p + j0 − i0) since ξp+m+1 = 0. The proof is completed. 
4. Generalities on u-cohomology
Let M = M0 ⊕ M1 be a superspace such that M0 and M1 are the even part and odd part, respec-
tively. For v ∈ Mk , we let |v| := k. Let T (M) be the tensor algebra of M . Then T (M) is a Z2-graded
associative algebra with a canonical Z-gradation. The exterior algebra of M is the quotient algebra
ΛM := T (M)/ J , where J is the Z-graded two-sided ideal of T (M) generated by the elements of the
form
x⊗ y + (−1)|x||y| y ⊗ x,
for homogeneous elements x and y of M (see, for example, [SZ]). It is well known that ΛM is also
a superspace with a Z-gradation inherited from T (M). More precisely, we have ΛM =⊕∞i=0 ΛiM ,
where ΛkM is the set of all homogeneous elements of degree k in ΛM with respect to the Z-
gradation of T (M) for k  0. Also ΛkM is isomorphic to
⊕k
i=0 ΛiM0 ⊗ Λk−iM1 as vector spaces,
where ΛiM0 and Λ jM1 are respectively isomorphic to the set of homogeneous elements of degree i
in the exterior algebra with variables in M0 and the set of homogeneous elements of degree j in the
symmetric algebra with variables in M1. Moreover, ΛM = (ΛM)0 ⊕ (ΛM)1 is a superspace, where
(ΛM)k =
( ∞⊕
i=0
ΛiM0
)
⊗
( ⊕
j≡k (mod 2)
Λ jM1
)
, for k ∈ Z2.
In particular, |η| = a (mod 2) for any η ∈⊕∞i=0 ΛiM0 ⊗ ΛaM1.
Let {yi | i ∈ I} and {y j | i ∈ J } be bases of M0 and M1 respectively. Then ΛM can be treated as a
Z2-graded algebra over C generated by the homogeneous elements y j ’s satisfying the relations:
yi y j + (−1)|yi ||y j | y j yi = 0, for all i, j ∈ I ∪ J .
For i ∈ I ∪ J , we deﬁne ∂
∂ yi
∈ M∗ by ∂
∂ yi
(y j) := δi j . Each ∂∂ yl can be extended to a linear map of degree|yl| from ΛM to itself deﬁned by
∂
∂ yl
(z1z2 · · · zk) :=
k∑
j=1
(−1)1+ j+|yl|(
∑ j−1
i=1 |zi |)z1z2 · · · z j−1
(
∂
∂ yl
z j
)
z j+1 · · · zk,
for all homogeneous elements zi ∈ M .
If M is a module over a Lie superalgebra g, the superspace ΛM also has g-module structure
deﬁned as follows
X(z1z2 · · · zk) :=
k∑
j=1
(−1)|X |(
∑ j−1
i=1 |zi |)z1z2 · · · z j−1(Xz j)z j+1 · · · zk, (4.1)
for all homogeneous elements X ∈ g and zi ∈ M .
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Hk(un, V ) of un with coeﬃcient in a un-module V is the k-th right derived functor of the left exact
functor from the category of U(un)-modules to the category of vector spaces given by V → V un ,
where V un := {v ∈ V | Xv = 0, ∀X ∈ un}. By using the Koszul resolution of the trivial module C [KK],
one can show in the usual way that Hk(un, V ) is equal to the k-th cohomology group of the following
complex (see also [SZ]):
0→ HomC
(
Λ0un, V
) d0−→ HomC(Λ1un, V ) d1−→ HomC(Λ2un, V ) d2−→ · · · ,
with
dkφ(η) :=
∑
j∈I0, γ∈J(n)
(−1)|E jγ ||φ|E jγ φ
(
∂
∂x jγ
η
)
, (4.2)
where x jγ denotes the image of E jγ in Λ(un), φ is a homogeneous element in HomC(Λkun, V ), and
η ∈ Λk+1un . Note that for k 0, HomC(Λkun, V ) are superspaces and dk are linear maps of degree 0.
Deﬁnition 4.1. Let h be an abelian Lie algebra. We call an h-module M a weight module if
M =
⊕
μ∈h∗
Mμ, with dimCMμ < ∞, ∀μ ∈ h∗,
where Mμ := {m ∈ M | hm = μ(h)m, ∀h ∈ h}. If Mμ 
= 0, we say that μ is a weight of M , and Mμ is
the weight space of μ.
If M and N are two weight h-modules, let
homC(M,N) :=
{
ϕ ∈ HomC(M,N)
∣∣ ϕ(Mμ) = 0 for all but ﬁnitely many weights μ of M}.
It is clear that homC(Λiun,M) = HomC(Λiun,M) when M is hn-module with n ∈ N. Analogous results
is also true for hn-module. Also, it is easy to see that for n ∈ N ∪ {∞} and λ ∈ Ppd (m,n) (respectively,
P
p
d ) with depth(λ) p +m + n, homC(Λiun, L(gn, λ)) (respectively, homC(Λiun, L(gn, λ))) are weight
hn-(respectively, hn-)modules.
Let V be a u∞-module such that for each v ∈ V and j  0, we have Eij v = 0. We assume further
that V is also a weight h∞-module. Note that V = L(g∞, ξ) with ξ ∈ Ppd satisﬁes those properties.
The k-th cohomology group Hk(u∞, V ) is by deﬁnition the k-th cohomology group of the following
complex [L]:
0→ homC
(
Λ0u∞, V
) d0−→ homC(Λ1u∞, V ) d1−→ homC(Λ2u∞, V ) d2−→ · · · ,
where dk is deﬁned by (4.2) with n = ∞. It is clear that dk are well deﬁned.
Now we assume that V is a gn-module. Then V is also an l¯n-module by restriction. On the other
hand, Λ(un) is also an l¯n-module induced from the adjoint action of l¯n on un deﬁned by (4.1). Thus
homC(Λ jun, V ) are l¯n-modules. Moreover, we have the following proposition.
Proposition 4.1. For n ∈ N∪{∞}, let V be a gn-module such that for each v ∈ V and j  0, we have Eij v = 0.
For n = ∞, we assume further that V is also a weight h∞-module. Then the homomorphisms dk commute with
the action of l¯n. More precisely, Xdk − dk X = 0, for all X ∈ l¯n and k 0. In particular, the cohomology groups
Hk(un, V ) are l¯n-modules.
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j∈I0, γ∈J(n) c
iα
jβ E jβ for some c
iα
jβ ∈ C. Then one can easily show that for every i ∈ I0,α ∈ J(n) and
η ∈ Λ(un), we have(
X
∂
∂xiα
− (−1)|X ||Eiα | ∂
∂xiα
X
)
η = −(−1)|X ||Eiα |
∑
j∈I0, γ∈J(n)
c jβiα
∂
∂x jβ
η. (4.3)
For every homogeneous element φ ∈ homC(Λkun, V ) and every η ∈ Λkun ,
[
(Xdk − dk X)(φ)
]
(η) =
∑
j∈I0, γ∈J(n)
(−1)|E jγ ||φ|XE jγ φ
(
∂
∂x jγ
η
)
−
∑
j∈I0, γ∈J(n)
(−1)|φ|(|E jγ |+|X |)E jγ φ
(
∂
∂x jγ
Xη
)
−
∑
j∈I0, γ∈J(n)
(−1)|E jγ |(|φ|+|X |)E jγ Xφ
(
∂
∂x jγ
η
)
+
∑
j∈I0, γ∈J(n)
(−1)|φ|(|E jγ |+|X |)+|E jγ ||X |E jγ φ
(
X
∂
∂x jγ
η
)
,
and some further manipulations lead to
[
(Xdk − dk X)(φ)
]
(η)
=
∑
j∈I0, γ∈J(n)
(−1)|E jγ ||φ|[X, E jγ ]φ
(
∂
∂x jγ
η
)
+
∑
j∈I0, γ∈J(n)
(−1)|φ|(|E jγ |+|X |)+|E jγ ||X |E jγ φ
((
X
∂
∂x jγ
− (−1)|E jγ ||X | ∂
∂x jγ
X
)
η
)
=
∑
j∈I0, γ∈J(n)
(−1)|E jγ ||φ|c jγiα Eiαφ
(
∂
∂x jγ
η
)
−
∑
j∈I0, γ∈J(n)
(−1)|φ|(|E jγ |+|X |)E jγ φ
(
ciαjγ
∂
∂xiα
η
)
.
Finally we have [(Xdk − dk X)(φ)](η) = 0 by replacing jγ and iα in the second summation by iα
and jγ , respectively, and using c jγiα = 0 unless |E jγ | + |Eiα | + |X | ≡ 0 (mod 2). This completes the
proof of the proposition. 
On the other hand, the adjoint actions of l¯n on un and u−n induce natural actions of l¯n on Λ(un)
and Λ(u−n ). There is an isomorphism Φ of l¯n-modules from u−n to u∗n deﬁned by Φ(X)(Y ) := str(XY ),
for X ∈ u−n and Y ∈ un . This extends to an isomorphism of l¯n-modules from Λ(u−n ) to Λ(u∗n) which
will also be denoted by Φ . Hereafter str(Y ) stands for the supertrace of Y for any Y ∈ gn . Hence, we
have isomorphisms of l¯n-modules:
homC
(
Λkun, V
)∼= V ⊗ (Λkun)∗ ∼= V ⊗ (Λku∗n)∼= V ⊗ Λku−n .
Let ϕ denote the isomorphism from homC(Λkun, V ) to V ⊗ Λku−n and Ck(u−n , ξ) := L(gn, ξ) ⊗ Λku−n .
Then the k-th cohomology group Hk(un, V ) equals the k-th cohomology group of the following com-
plex:
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where
dk(v ⊗ η) :=
∑
j∈I0, γ∈J(n)
(−1)k+|E jγ |(|v|+1)E jγ v ⊗ yγ jη, (4.5)
v is a homogeneous element in V and η ∈ Λku−n . Note that dk = ϕ ◦ dk ◦ ϕ−1 and hence dk are
homomorphisms of l¯n-modules of degree 0 by Proposition 4.1.
For the rest of the paper, we will use the complex (4.4) deﬁned above to compute the cohomology
groups Hk(un, V ).
5. u-Cohomology of unitarizable modules over gl(p +m|n)
Let DΛ(u−n ) denote the oscillator superalgebra generated by the even variables yαi , ∂∂ yαi (i ∈ I0,
γ ∈ J0) and odd variables yβ j , ∂∂ yβ j ( j ∈ I0, β ∈ J1(n)) satisfying the relations:
yαi yγ j + (−1)|yαi ||yγ j | yγ j yαi = 0,
∂
∂ yαi
∂
∂ yγ j
+ (−1)|yαi ||yγ j | ∂
∂ yγ j
∂
∂ yαi
= 0,
∂
∂ yαi
yγ j + (−1)|yαi ||yγ j | yγ j ∂
∂ yαi
= δαi,γ j.
Then DΛ(u−n ) naturally acts on Λ(u−n ), thus forms a subalgebra of End(Λ(u−n )).
The superalgebra DΛ(u−n ) admits the ∗-structure deﬁned by
yαi → ∂
∂ yαi
,
∂
∂ yαi
→ yαi, (5.1)
where i ∈ I0 and α ∈ J(n). There exits a unique contravariant Hermitian form 〈·|·〉 on Λ(u−n ) with〈1|1〉 = 1 with respect to the action of DΛ(u−n ). By using the ‘particle number’ basis relative to which
the operators yαi
∂
∂ yαi
, for all i,α, are simultaneously diagonalizable, one can easily show that the
form 〈·|·〉 is positive deﬁnite.
5.1. u-Cohomology of unitarizable modules over gl(p +m|n)
The natural actions of l¯n on Λ(u−n ) can be represented by derivations as follows. For each i ∈ I0 and
γ ∈ J(n), then Eγ i ∈ u−n and we let yγ i be the image of Eγ i in Λ(u−n ) under the natural embedding.
For any η ∈ Λ(u−n ),
Eijη = −
∑
γ∈J(n)
yγ j
∂
∂ yγ i
η, i, j ∈ I0, (5.2)
Eαβη =
∑
j∈I0
yα j
∂
∂ yβ j
η, α,β ∈ J(n). (5.3)
By (5.2) and (5.3), l¯n can be embedded into DΛ(u−n ) and by (5.1), the induced ∗-structure of l¯n from
DΛ(u−n ) equals to the ∗-structure σ of gn restricted to l¯n . Hence the Hermitian form 〈·|·〉 on Λ(u−n )
is also contravariant with respect to the actions of (l¯n, σ ).
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deﬁnite Hermitian form 〈·|·〉 on the V ⊗ Λ(u−n ) so that the Hermitian form is contravariant with
respect to the actions of (l¯n, σ ). Denote by d∗k the adjoint of dk with respect to the Hermitian form,
then
d∗k = (−1)k+1
∑
i∈I0, γ∈J(n)
Eγ i ⊗ ∂
∂ yγ i
. (5.4)
Then it follows from Proposition 4.1 that
Xd∗k − d∗k X = 0, for all X ∈ l¯n. (5.5)
Let d :=∑k0 dk and d∗ :=∑k0 d∗k , and deﬁne the Laplacian operator
 := dd∗ + d∗d. (5.6)
By Proposition 4.1 and (5.5),  commutes with the action of l¯n . That is, X − X = 0, for
all X ∈ l¯n .
It is an elementary fact that for any x in the inner product space V ⊗Λ(u−n ), dd∗x= 0 (respectively,
d∗dx= 0) implies d∗x= 0 (respectively, dx = 0). Thus the operators d and d∗ are disjoint in the sense
of [Ko], and we have the following proposition.
Proposition 5.1. For n ∈ N∪{∞}, let L(gn, ξ) be the unitarizable irreducible gn-module with highest weight ξ
such that for each v ∈ L(gn, ξ) and j  0, we have Eij v = 0. Then the space⊕i0 Ci(u−n , ξ) has the standard
Hodge decomposition
⊕
i0
Ci
(
u−n , ξ
)= Imd ⊕ Imd∗ ⊕ Ker,
where each subspace forms a l¯n-module. Furthermore,  is positive semi-deﬁnite, and for each k 0,
Hk
(
gn, L(gn, ξ)
)= Ker|Ck(u−n ,ξ).
5.2. The Laplacian
Let V =⊕
μ∈hˇ∗n
Vμ be a gn-module with weight-μ space Vμ such that for each v ∈ V and j  0,
we have Eij v = 0. Let Γ1 : V → V be the linear map that acts by the scalar (μ+ 2ρs|μ)s on Vμ . Let
Γ2 := 2
∑
β<α,β,α∈I(n)
(−1)[β]Eαβ Eβα.
The Casimir operator is a linear map from V to itself deﬁned by
Ωgn := Γ1 + Γ2.
It is easy to see that Ωgn commutes with the action of gn on V . Therefore, if V is a highest weight
gn-module generated by a highest weight vector with weight λ such that Eij v = 0 for all v ∈ V if
j  0, then Ωgn acts on V by the scalar (λ + 2ρs|λ)s .
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Ω l¯n := Γ1 + 2
∑
j<ip
Eij E ji + 2
∑
p<β<α
(−1)[β]Eαβ Eβα,
Ω I0 :=
∑
ip
(
E2ii + (m+ p − i + 1)Eii
)+ 2 ∑
j<ip
Eij E ji,
Ω J(n) := Ω l¯n − Ω I0 .
Note that Ω l¯n commutes with the action of l¯n on V and
Ωgn = Ω l¯n + 2
∑
ip<β
Eβ i E iβ.
Proposition 5.2. For n ∈ N ∪ {∞}, let L(gn, ξ) be the unitarizable irreducible gn-module with highest weight
ξ such that for all v ∈ L(gn, ξ), we have Eij v = 0 if j  0. Then the Laplacian  acts on Ck(u−n , ξ) by
(v ⊗ η) = 1
2
(
Ω l¯n(v ⊗ η) − Ωgn(v) ⊗ η − v ⊗ Ω l¯n (η)
)
,
for all v ∈ L(gn, ξ) and η ∈ Λk(u−n ).
Proof. For η ∈ Λk(u−) and v ∈ L(gn, ξ), we have by (4.5), (5.4), (5.2) and (5.3)
(
d∗d + dd∗)(v ⊗ η) = ∑
i, j∈I0,α,β∈J(n)
(−1)ind(α,β,v)+1Eαi E jβ v ⊗
(
∂
∂ yαi
yβ j + (−1)[α][β] yβ j ∂
∂ yαi
)
(η)
+
∑
i, j∈I0,α,β∈J(n)
(−1)ind(α,β,v)+[α][β][Eαi, E jβ ]v ⊗ yβ j ∂
∂ yαi
η,
where ind(α,β, v) = ([β] + [α])([β] + |v|). The ﬁrst term on the right-hand side can be re-written as
−
∑
i∈I0,α∈J(n)
Eαi E iαv ⊗ η,
and the second term can be cast into
∑
α,β∈J(n)
(−1)ind(α,β,v)+[α][β]Eαβ v ⊗
(∑
i∈I0
yβ i
∂
∂ yαi
η
)
−
∑
i, j∈I0
E ji v ⊗
( ∑
α∈J(n)
yα j
∂
∂ yαi
η
)
=
∑
α,β∈J(n)
(−1)ind(α,β,v)+[α][β]Eαβ v ⊗ Eβαη +
∑
i, j∈I0
E ji v ⊗ E jiη
= 1
2
(
Ω J(n)(v ⊗ η) − Ω J(n)(v) ⊗ η − v ⊗ Ω J(n)(η)
)
+ 1
2
(
Ω I0(v ⊗ η) − Ω I0(v) ⊗ η − v ⊗ Ω I0(η)
)
.
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(
d∗d + dd∗)(v ⊗ η) = 1
2
(
Ω l¯n (v ⊗ η) − Ωgn (v) ⊗ η − v ⊗ Ω l¯n (η)
)
. 
For ξ ∈ Ppd (m,n), Ci(u−n , ξ) are unitarizable l¯n-modules for all i  0 since every unitarizable gn-
module is also a unitarizable l¯n-module and Λiun are unitarizable l¯n-modules. Therefore the spaces
Ci(u−n , ξ) decompose into direct sums of irreducible unitarizable l¯n-modules. Since Ci(u−n , ξ) are
weight hn-modules, every irreducible l¯n-module appearing in Ci(u−n , λ) has ﬁnite multiplicity. Let
mi(γ , ζ ) denote the multiplicity of the l¯n-module L(l¯n, γ ) in Ci(u−n , λ). We have
Ci
(
u−n , λ
)= ∑
γ∈Xn
mi(γ ,λ)L(l¯n, γ ). (5.7)
For n ∈ N ∪ {∞} and ζ ∈ hˇ∗n , we let M(ξ)ζl¯n denote an irreducible l¯n-submodule of C
i(u−n , ξ) with
highest weight ζ .
Proposition 5.3. For ξ ∈ Ppd (m,n), the Laplacian  acts on M(ξ)ζl¯n by the scalar
χζ := −1
2
(
(ξ + 2ρs|ξ)s − (ζ + 2ρs|ζ )s
)
. (5.8)
Proof. Since  commutes with the action of l¯n and the scalar χζ depends only on ξ and ζ , it is
enough to prove the lemma for those M(ξ)ζ
l¯n
appearing in the tensor product decomposition of an ir-
reducible l¯n-submodule of L(gn, ξ) with highest weight μ and an irreducible l¯n-submodule of Λk(u−n )
with highest weight γ . In this case it immediately follows from Proposition 5.2 that
χζ = 1
2
(
(ζ + 2ρs|ζ )s − (ξ + 2ρs|ξ)s − (γ + 2ρs|γ )s
)
= 1
2
(
(ζ + 2ρs|ζ )s − (ξ + 2ρs|ξ)s − (γ + 2ρs|γ )s
)
.
It was shown in [CW] that as an l¯n-module Λ(u−n ) ∼= Λ(Cp∗ ⊗ Cm|n) has the decomposition
Λk
(
u−n
)∼=∑
λ
L
(
l¯n,−
p∑
i=1
λp−i+1δi +
m∑
i=1
λ′iδp+i +
∑
i1
〈λi −m〉δp+m+i
)
, (5.9)
where λ is summed over all partitions with |λ| = k, l(λ) = p and λ′m+1  n. Here 〈r〉 stands
for r, if r ∈ N, and 0, otherwise. Finally, one can easily show by induction on the depth of λ that
(γ + 2ρs|γ )s = 0 if γ = −∑pi=1 λp−i+1δi +∑mi=1 λ′iδp+i +∑i1〈λi −m〉δp+m+i for some partition λ
with depth(λ) = p. This completes the proof of the proposition. 
For n ∈ N, we deﬁne a map pn : C[xi | i ∈ I(∞)] → C[x1, . . . , xp+m+n] by setting the variables
xp+m+n+i = 0 for all i  0. The map pn obviously is a homomorphism of rings. For ξ ∈ Ppd (m,n),
using the decomposition (5.9) and Theorem 4.1 in [CLZ], we have
pn
(
ch
(
L(g∞, ξ)
)
ch
(
Λiu−∞
))= ch(L(gn, ξ)) ch(Λiu−n ),
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(
chCi
(
u−∞, ξ
))= chCi(u−n , ξ).
Also, we have
pn
(
chM(ξ)ζ
l¯∞
)=
{
chM(ξ)ζ
l¯n
, depth(ζ ) p +m+ n,
0, depth(ζ ) > p +m+ n.
Since pn does not affect the multiplicity of M(ξ)
ζ
l¯n
for l(ζ ) p+m+n, it follows that the multiplicity
of the l¯n-submodule M(ξ)
ζ
l¯n
in Ci(u−n , ξ) is the same as the multiplicity of the l¯∞-submodule M(ξ)
ζ
l¯∞
in Ci(u−∞, ξ) for depth(ζ )  p +m + n. In fact multiplicities are also preserved when passing to the
cohomology groups, that is, we have the following proposition.
Proposition 5.4. For n ∈ N and ξ ∈ Ppd (m,n), we have
ch Hi
(
un, L(gn, ξ)
)= pn(ch Hi(u∞, L(gn, ξ))).
Furthermore, the irreducible l¯n-module M(ξ)
ζ
l¯n
with highest weight ζ such that depth(ζ )  p + m + n
appears in Hi(un, L(gn, ξ)) with the same multiplicity as that of the irreducible l¯∞-module M(ξ)ζl¯∞ in
Hi(u∞, L(g∞, ξ)).
Proof. Let n and ∞ denote the Laplace operators (5.6) acting on Ci(u−n , ξ) and Ci(u−∞, ξ), re-
spectively. It follows from Proposition 5.3 and our discussion preceding this proposition that the
irreducible l¯n-module M(ξ)
ζ
l¯n
appears in kern with non-zero multiplicity if and only if the ir-
reducible l¯∞-module M(ξ)ζl¯∞ appears in ker∞ with the same multiplicity. Thus the proposition
follows from Proposition 5.1. 
6. An analogue of Enright’s formula for u-cohomology groups of unitarizable gl(p +m|n)-modules
For n ∈ N∪{∞} and λ ∈ Ppd with depth(λ) p+m+n, the k-th cohomology group Hk(un, L(gn, λ))
is deﬁned to be the k-th cohomology group of the following complex [L]
0→ homC
(
Λ0un, L(gn, λ)
) d0−→ homC(Λ1un, L(gn, λ)) d1−→ homC(Λ2un, L(gn, λ)) d2−→ · · · ,
with
dkφ(η) :=
∑
j∈I0, γ∈J(n)
E jγ φ
(
∂
∂x jγ
η
)
,
where x jγ denotes the image of E jγ in Λ(un), φ ∈ homC(Λkun, L(gn, λ)) and η ∈ Λk+1un . Let
Ck(u−n , λ) := L(gn, λ) ⊗ Λku−n for k  0. Using the same argument as before, Hk(un, L(gn, λ)) equals
the k-th cohomology group of the following complex
0→ C0(u−n , λ) d0−→ C1(u−n , λ) d1−→ C2(u−n , λ) d2−→ · · · ,
with
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∑
j∈I0, γ∈J(n)
E jγ v ⊗ yγ jη,
where v ∈ L(gn, λ) and η ∈ Λku−n . Note that dk are homomorphisms of ln-modules and hence the
cohomology groups Hk(un, L(gn, λ)) are ln-modules.
By using similar arguments as those used in proving the decomposition (5.7), one can show that
the spaces Ci(u−n , λ) decompose into direct sums of irreducible unitarizable ln-modules with ﬁnite
multiplicities. Let mi(γ , ζ ) denote the multiplicity of the ln-module L(ln, γ ) in Ci(u−n , λ). We have
Ci
(
u−n , λ
)= ∑
γ∈Xn
mi(γ ,λ)L(ln, γ ). (6.1)
A result similar to Proposition 5.1 can be established in this case. Thus there is a Laplacian  acting
on each irreducible ln-submodule L(ln, γ ) of
⊕
i0 C
i(u−n , λ) by the scalar
χγ = −1
2
(
(λ + 2ρc, λ)c − (γ + 2ρc, γ )c
)
. (6.2)
Moreover, we have
Hi
(
un, L(gn, λ)
)= Ker|Ck(u−n ,λ) for all i  0. (6.3)
We remark that the above statements on the Lie algebra gn and its modules can all be deduced from
our previous calculations for gn by choosing n = 0 and replacing m by m+ n.
Using the same arguments as those used for proving Proposition 5.4 and also the discussion above,
we arrive at the following proposition.
Proposition 6.1. For n ∈ N and λ ∈ Ppd with depth(λ) p +m+ n, we have
ch Hi
(
un, L(gn, λ)
)= pn(ch Hi(u∞, L(gn, λ))).
Furthermore, the irreducible ln-module M(λ)
ζ
ln
with highest weight ζ such that depth(ζ )  p + m + n
appears in Hi(un, L(gn, λ)) with the same multiplicity as that of the irreducible l∞-module M(λ)ζl∞ in
Hi(u∞, L(g∞, λ)).
For n ∈ N, we recall that +(gn) and +(ln) denote the set of all positive roots of gn and ln deﬁned
in Section 2, respectively. We denote by Wn and W ln the Weyl groups of gn and ln , respectively. To
each λ ∈ Ppd with depth(λ)  p +m + n, we deﬁne the set Q λn to be the subset of Wn consisting of
the reﬂections sα , where α ∈ (un) satisfying the following two conditions [E,DES]:
(i) (λ + ρc|α)c ∈ N.
(ii) If for some β ∈ (gn) we have (λ + ρc|β)c = 0, then (α|β)c = 0.
We deﬁne W λn to be the subgroup of Wn generated by the set Q
λ
n . Associated to W
λ
n one may deﬁne
a root system λ(gn) consisting of the roots γ ∈ (gn) such that sγ lies in W λn . In fact, λ(gn) is an
abstract root system of type A and W λn is the Weyl group of 
λ(gn) [E] (see also Lemma 6.1 below).
We also set λ(ln) := λ(gn) ∩ (ln), λ+(gn) := λ(gn) ∩ +(gn), and λ+(ln) := (ln) ∩ λ+(gn).
Remark 6.1. Note that our deﬁnition of W λn is actually the deﬁnition of W
λ+ρ
n in [E] and [DES], where
ρ is the half-sum of all positive roots of gn .
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ing in λ+(ln) (see Lemma 6.1 below). Let λn denote the length function on W λn and W λn (i) :=
{w ∈ W λn | λn(w) = i} for all i  0.
We have a decomposition of the group W λn = W λln × W
ln,λ
n , where W
ln,λ
n :=
⋃
i0 W
ln,λ
n (i) and
W ln,λn (i) :=
{
w ∈ W λn (i)
∣∣ (wρc|α)c ∈ Z+, ∀α ∈ λ+(l∞)}.
For n ∈ N and λ ∈ Ppd with depth(λ) p+m+n, let I˜λ(n) be a subset of I(n) consisting of all i and
j such that εi − ε j ∈ (gn) with (λ+ρc|εi − ε j)c = 0. For n 1, we identify the Weyl group Wn of gn
with the symmetric group which permutes {i | i ∈ I(n)}. For i, j ∈ I(n) with i 
= j, we let si j := sεi−ε j
denote the reﬂection along the root εi − ε j .
Lemma 6.1. Let n ∈ N and λ ∈ Ppd with depth(λ)  p + m + n. We assume that Q λn 
= ∅. We also
let a := max{i | i  p, si j ∈ Q λn }, b := min{ j | j  p + 1, si j ∈ Q λn } and Iλ(n) := ({1,2, . . . ,a} ∪
{ j ∈ J(n) | j  b})\I˜λ(n). Let Gλn be the permutation group of the set {i | i ∈ Iλ(n)}. Then
(i) W λn is isomorphic to G
λ
n ,
(ii) λ+(gn) = {i −  j | i  a, j  b, i, j ∈ Iλ(n)},
(iii) Iλ(n) ⊆ Iλ(n+ 1).
Proof. By identifying the Weyl group Wn with the symmetric group which permutes {i | i ∈ I(n)},
we certainly have Q λn ⊆ Gλn and hence W λn ⊆ Gλn . By condition (ii) of the deﬁnition of Q λn , we have
si j /∈ Q λn if i or j belongs to I˜λ(n). One can easily observe that if si0 j0 ∈ Q λn with i0 < j0, then si j ∈ Q λn
for all i, j ∈ I(n)\I˜λ(n) such that i  i0 and j  j0. Choose ﬁxed saj0 and si0b ∈ Q λn . Then we have si j0
and si0 j ∈ Q λn for all i, j ∈ Iλ(n) with i  a and j  b. Therefore we have s j0k ∈ W λn for all k ∈ Iλ(n) with
k  b since s j0k = si0 j0 si0ksi0 j0 and si0 j0 , si0k, si0 j0 ∈ Q λn . Hence we have s j0k ∈ W λn for all k ∈ Iλ(n). It
is clear that Gλn is generated by {s j0k | k ∈ Iλ(n)} and hence Gλn ⊆ W λn . This completes the proof of
part (i). Part (ii) follows from part (i). For part (iii), if (λ + ρc|i − n+1)c = 0 for some i ∈ I(n), then
i  p and (λ + ρc |i − k)c  (λ + ρc|i − n+1)c = 0, for all k  p + 1. Hence i /∈ Iλ(n). This clearly
implies part (iii). 
For n ∈ N and λ ∈ Ppd with depth(λ) p +m + n, by Lemma 6.1, the Weyl group W λn is identiﬁed
with Gλn . This leads to natural embeddings of groups
W λn ↪→ W λn+1 ↪→ W λn+2 ↪→ ·· · ↪→ W λn+k ↪→ W λn+k+1 ↪→ ·· · ,
and
W λln ↪→ W λln+1 ↪→ W λln+2 ↪→ ·· · ↪→ W λln+k ↪→ W λln+k+1 ↪→ ·· · ,
which gives rise to two direct systems of ﬁnite groups. The direct limits will be denoted by W λ∞ and
W λl∞ , respectively.
It is easy to see that λk (w) = λk+1(w) for w ∈ W λk . Thus for w ∈ W λ∞ , we can deﬁne λ(w) :=
λk (w) with k  0. Let W λ∞(i) := {w ∈ W λ∞ | λ(w) = i} for all i  0. For each i  0, the direct system
{W λn | n  1} induces a direct system on {W λn (i) | n  1}. The direct limit of {W λn (i) | n  1} equals
W λ∞(i).
Let λ+(g∞) := {i −  j | i < j, i, j ∈ Iλ(k) for some k  n} and λ+(l∞) := (l∞) ∩ λ+(g∞). We
also have a decomposition of the group W λ∞ = W λl∞ × W
l∞,λ∞ , where W l∞,λ∞ :=⋃i0 W l∞,λ∞ (i) and
W l∞,λ∞ (i) :=
{
w ∈ W λ∞(i)
∣∣ (wρc|α)c ∈ Z+, ∀α ∈ λ+(l∞)}.
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dominant element in the W ln -orbit of λ.
The following proposition is a direct consequence of Enright’s theorem [E,DES] in view of Proposi-
tion 6.1 and the decomposition (6.1).
Proposition 6.2. Given any λ ∈ Ppd and i  0, we have as l∞-modules
Hi
(
u∞, L(g∞, λ)
)∼= ∑
w∈W l∞,λ∞ (i)
L
(
l∞,w(λ + ρc) − ρc
)
. (6.4)
Moreover, the multiplicity of L(l∞,μ) in
⊕
i0 H
i(u∞, L(g∞, λ)) is 1 if μ = w(λ + ρc) − ρc for some
w ∈ W l∞,λ∞ , and 0 otherwise.
Lemma 6.2. Given any λ ∈ Ppd and i  0, we have
mi
(
γ ,λ
)=mi(γ ,λ),
where mi(γ , λ) (respectively, mi(γ ,λ)) is the multiplicity of the L(l¯n, γ ) (respectively, L(ln, γ )) in
Ci(u−∞, λ) (respectively, Ci(u−∞, λ)).
Proof. It is enough to compare the characters of Ci(u−∞, λ) and Ci(u−∞, λ). We will use the same
notation as in [CLZ]. In particular, we denote by Sμ and HSμ respectively the Schur function and
hook Schur function associated with a partition μ, and by Cλμν Littlewood–Richardson coeﬃcients. By
Theorem 4.1 and Theorem 6.1 in [CLZ] and the decomposition (5.9), we have
chCi
(
u−∞, λ
)= ( y¯1 y¯2 · · · y¯p)−d∑
μ,ν
Cλ

μν∗HSμ(x¯; η¯)Sν
(
y¯−1
) ∑
|γ |=i
Sγ
(
y¯−1
)
HSγ (x¯; η¯)
= ( y¯1 y¯2 · · · y¯p)−d
∑
μ,ν,ζ, |γ |=i
Cλ

μν∗C
ζ
μγHSζ (x¯; η¯)Sν
(
y¯−1
)
Sγ
(
y¯−1
)
,
where μ and ν are summed over all partitions of length d subject to the conditions μm+1  n and
depth(ν) p, ζ and γ are summed over all partitions with length p + d and p, respectively.
Similarly, we have
chCi
(
u−∞, λ
)= ( y¯1 y¯2 · · · y¯p)−d∑
μ,ν
Cλμν∗ Sμ(x¯)Sν
(
y¯−1
) ∑
|γ |=i
Sγ
(
y¯−1
)
Sγ (x¯)
= ( y¯1 y¯2 · · · y¯p)−d
∑
μ,ν,ζ, |γ |=i
Cλμν∗C
ζ
μγ Sζ (x¯)Sν
(
y¯−1
)
Sγ
(
y¯−1
)
,
where μ and ν are summed over all partitions of length d subject to the conditions μm+1  n and
depth(ν) p, ζ and γ are summed over all partitions with length p+d and p, respectively. Thus the
lemma follows by comparing the characters of Ci(u−∞, λ) and Ci(u−∞, λ). 
We recall the following useful lemma.
Lemma 6.3. (See [CKL].) For μ ∈ X∞ , we have (μ+ 2ρc |μ)c = (μ + 2ρs|μ)s .
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information on the space Ker of harmonic forms. By further using Lemma 6.2 and Proposition 6.2,
we obtain the following theorem.
Theorem 6.1. Given any λ ∈ Ppd and k 0, we have as l¯∞-modules
Hi
(
u∞, L
(
g∞, λ
))∼= ∑
w∈W l∞,λ∞ (i)
L
(
l¯∞,
(
w(λ + ρc) − ρc
))
.
Moreover, the multiplicities of L(l¯∞,μ) in
⊕
i0 H
i(u∞, L(g∞, λ)) is 1, if μ = (w(λ + ρc) − ρc) for some
w ∈ W l∞,λ∞ ; 0, otherwise.
The following result directly follows from Theorem 6.1, Proposition 5.4 and the fact that
Hi(un, L(gn, λ + a1p+m|n)) ∼= Hi(un, L(gn, λ)) ⊗ L(l¯n,a1p+m|n) as l¯n-modules.
Theorem 6.2. For n ∈ N, a ∈ C, λ ∈ Ppd (m,n) and k 0, we have as l¯n-modules
Hi
(
un, L
(
gn, λ
 + a1p+m|n
))∼=∑
w
L
(
l¯n,
(
w(λ + ρc) − ρc
) + a1p+m|n),
where w is summed over the elements of W l∞,λ∞ (i) such that depth((w(λ + ρc) − ρc)) p +m+ n. More-
over, themultiplicity of L(l¯n,μ) in
⊕
i0 H
i(un, L(gn, λ)) is 1 ifμ = (w(λ + ρc)−ρc) for some w ∈ W l∞,λ∞ ,
and 0 otherwise.
Remark 6.2. By adapting results of [RW, §9] in a straightforward way, one can easily obtain from
the cohomology groups Hi(un, L(gn, λ +a1p+m|n)) computed in Theorem 6.2 a weak generalized BGG
resolution [GL, §8] for L(gn, λ + a1p+m|n). It will be interesting to turn the resolution to a strong
generalized BGG resolution, perhaps following the method of [CKL].
Let us now consider the special case with m = 0.
In this case, if n ∈ N and μ ∈ Xn , then L(gl(p|n),μ) is a ﬁnite-dimensional irreducible representa-
tion of gl(p|n). Note that for λ ∈ Ppd (0,n), L(gl(p|n), λ) is a ﬁnite-dimensional unitarizable irreducible
gl(p|n)-module of type II in the sense of [GZ].
Consider the following generalized Kazhdan–Lusztig polynomials [Se1,Zo] for ﬁnite-dimensional
gl(p|n)-modules:
Deﬁnition 6.1. For n ∈ N and m = 0, λ, μ ∈ Xn ,
Kλμ(q) :=
∞∑
i=0
qi
[
Hi
(
un, L
(
gl(p|n), λ)) : L(gl(p|n),μ)], (6.5)
where [Hi(un, L(gl(p|n), λ)) : L(gl(p|n),μ)] is the multiplicity of L(gl(p|n),μ) in the cohomology
group regarded as an l¯n-module.
From Theorem 6.2, we obtain the following explicit formula for the generalized Kazhdan–Lusztig
polynomials associated with the ﬁnite-dimensional irreducible unitarizable gl(p|n)-representations of
type II.
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given by
K(λ+a1p|n)μ(q) =
{
q
λ(w), if μ = (w(λ + ρc) − ρc) + a1p|n with w ∈ W l∞,λ∞ ,
0, otherwise.
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